Exercise sheet 4 pdf by unknown
Question
Show that as x→∞
∫ ∞
x
e−ttλ−1 dt ∼ xλe−x
[
1
x
+
λ− 1
x
+
(λ− 1)(λ− 2)
x2
+O
(
1
x4
)]
Answer
Use integration by parts
I =
∫ ∞
x
e−ttλ−1 dt
u = tλ−1 dv = e−t
du = (λ− 1)tλ−1 v = −e−t
I = [−tλ−1e−t]∞
x
+ (λ− 1)
∫ ∞
x
tλ−2e
−t
dt
= xλ−1e−x + (λ− 1)
[
[−tλ−1e−t]∞
x
+
∫ ∞
x
(λ− 2)tλ−3e−t dt
]
u = tλ−2 dv = e−t
du = (λ− 2)tλ−3 v = −e−t
= xλ−1e−x + (λ− 1)xλ−2e−x + (λ− 1)(λ− 2)
∫ ∞
x
e−ttλ−3 dt
u = tλ−3 dv = e−t
du = (λ− 3)tλ−4 v = −e−t
...
= xλ−1e−x + (λ− 1)xλ−2e−x + (λ− 1)(λ− 2)(λ− 3)xλ−3e−x
+(λ− 1)(λ− 2)(λ− 3)
∫ ∞
x
tλ−4e−t dt
= xλe−x
(
1
x
+
(λ− 1)
x2
+
(λ− 1)(λ− 2)(λ− 3)
x3
+
R
xλe−x
)
R = (λ− 1)(λ− 2)(λ− 3)
∫ ∞
x
tλ−4e−t
≤ |(λ− 1)(λ− 2)(λ− 3)|
∣∣∣∣
∫ ∞
x
tλ−4e−t dt
∣∣∣∣
≤ (λ− 1)(λ− 2)(λ− 3)
∫ ∞
x
|tλ−4|e−t dt
x > 0, so
≤ (λ− 1)(λ− 2)(λ− 3)
∫ ∞
x
tλ−4e−t dt
1
=
(λ− 1)(λ− 2)(λ− 3)
x4−λ
∫ ∞
x
tλ−4x4−λe−t dt
=
(λ− 1)(λ− 2)(λ− 3)
x4−λ
∫ ∞
x
(
x
t
)4−λ
e−t dt
But t ≥ x. Therefore
(
x
t
)
≤ 1
⇒ R ≤
(λ− 1)(λ− 2)(λ− 3)
x4−λ
∫ ∞
x
e−t dt
=
(λ− 1)(λ− 2)(λ− 3)
x4−λ
e−x
which, when divided by x−1e−x is O
(
1
x4
)
Therefore I = xλe−x
(
1
X
+
(λ− 1)
x
+
(λ− 1)(λ− 2)(λ− 3)
x3
+O
(
1
x4
))
Implied constant (λ− 1)(λ− 2)(λ− 3).
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